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Abstract 



In this paper, we will show that a vanishing generalized concurrence 
of a separable state can be seen as an algebraic variety called the Segre 
variety. This variety define a quadric space which gives a geometric picture 
of separable states. For pure, bi- and three-partite states the variety equals 
, the generalized concurrence. Moreover, we generalize the Segre variety to 

^ ' a general multipartite state by relating to a quadric space defined by two- 

by-two subdeterminants. 

in 
o 

CN ! 1 Introduction 

'nI I The most interesting feature of quantum mechanical systems, namely, quantum 

. entanglement, was defined by Schrodinger ^ and Einstein, Podolsky, and Rosen 

' P]. Many years has passed since the dawn of quantum mechanics, but we have 

still not been able to solve the enigma of entanglement, e.g., finding a complete 
mathematical model to describe, quantify, and in the same time reveal the 
physical implications of this feature. Moreover, we known very httlc about the 
' geometry of entanglement. In quantum mechanics, the space of a pure state 

can be described by the A^-dimensional complex projective space CP^. The 
question now is, how can we define quantum entanglement of a general pure 
state on such complex projective space? 

There are several different answers to this question. One of the earliest pro- 
^ . posals was to quantify the entanglement in terms of a distance to the nearest 

separable state Pj . Another idea is to use the maximum violation of generalized 
Bell inequalities as a measure of entanglement 0]. Such Bell inequality func- 
tions are called entanglement witnesses, and have mostly been used to detect 
nonseparable states [SIEIIZI- However, in a recent paper. Bcrtlmann, Narn- 
hofer and Thirring, have combined the two ideas and shown that the maximal 
violation of a generalized Bell inequalities and the Hilbert-Schmidt distance to 
the convex set of separable states are equivalent Hence, they demonstrate 
that both these concepts have a geometric interpretation. Yet another idea to 
quantify entanglement is to use the entropy of the reduced density matrix as 
a measure of entanglement, the so called entanglement of formation P]. If the 
entropy of the remaining subsystem is the same as that for the original system, 
there is no entanglement between the remaining subsystem and the subsystem 
being traced out. For bipartite, pure states, the entanglement of formation is 



simply a entropic function of the state's so-called concurrence |1U| . In this paper 
we shall demonstrate that concurrence, just like entanglement witnesses, has a 
geometric interpretation. The connection between concurrence and geometry is 
found in a map called a Segre embedding, see D. C. Brody and L. P. Hughston 
They illustrate this map for a pair of qubits, and point out that this map 
characterizes the idea of quantum entanglement. Moreover, they define a vari- 
ety that represents the set of separable states but they do not discuss it much 
further. Segre embedding has also been discussed by A. Miyake ^2] in the con- 
text of classification of multipartite states in entanglement classes (where two 
states belong to the same class if they are interconvertible under stochastic local 
operations and classical communication). 

In this paper we will expand this idea and describe the Segre variety, which is 
a quadric space in algebraic geometry, by giving a complete and explicit formula 
for it. Moreover, we will compare the Segre variety with the concurrence of a 
general pure, bipartite state [El [T1[T3 HHni . Vanishing of the concurrence of 
a separable state coincide with the Segre variety. This will illustrate the geom- 
etry of concurrence as a measure of bipartite entanglement in a complete and 
satisfactory way. Furthermore, we generalize Segre variety to a general multi- 
partite state by relating the decomposable tensors to a quadric space defined by 
two-by-two prime ideals. In this paper, we assume that the reader is familiar 
with basic concepts in abstract algebra such as ring theory and fields. 



2 Quantum entanglement 

In this section we will define separable states and entangled states. Let us 
denote a general, pure, composite quantum system with m subsystems Q = 
Q'P^{Ni,N2,..., Nm) = Qi Q2 ■ ■ ■ Qm, consisting of a state 

I*) = XI 51 XI "ii.'2,...,»^Kl:«2,.--,im) (1) 

Zl— 1 22—1 '^m — 1 

defined on a Hilbert space 

= nQ,®nQ,0---(E)nQ^ (2) 

where the dimension of the jth Hilbert space is given by A'^ ~ dim(HQj). We 
are going to use this notation throughout this paper, i.e., we denote a pure pair 
of qubits by Q2{2,2). Next, let pQ denote a density operator acting on Hq. 
The density operator pQ is said to be fully separable, which we will denote by 
Pq^, with respect to the Hilbert space decomposition, if it can be written as 

N m N 

k=l ■] = ! k=l 

for some positive integer N, where pk are positive real numbers and Pq^ denote 
a density operator on Hilbert space Tig^ . If pg represents a pure state, then 
the quantum system is fully separable if pg can be written as = PQj j 

where pQ- is a density operator on Ti.Q^ . If a state is not separable, then it is 
called an entangled state. Some of the generic entangled states are called Bell 
states and EPR states. 



3 Segre Variety 



This section serves as an introduction to the affine space, Segre embedding, and 
the Segre variety in such way that it enables us to estabhsh a relation between 
concurrence and Segre variety in following sections. The general references for 
this section are 1191 1201 1211 |22I ■ Let C be a field of complex numbers and 
N be an integer. Then we define a TV-dimensional affine space over C. denoted 
or A'^ , to be the set of all A^-tuples of elements of C, i.e, 

A^ = {P = (ai, a2, . . . , un) ■■ ai, a2, . . . , oat G C}. (4) 

An element P = {ai, a2, ■ ■ ■ , cln) is called a point, where e C is called a 
coordinate of P. In general we call = C the affine line and A^ the affine 
plane. 

Let R{N) = C[Zi, Zi, . . . , Zpf] be the polynomial ring over C in the N 
variables Zi, Zi, . . . , Zj^. Any element F e R{N) gives rise to a C-valued map 
on A'^ by evaluation, i.e., P = (ai, a2, . . . , a^) i — > F{ai, a2, ■ ■ ■ , un) = F{P)- 
Such a function on A'^ is called a polynomial or a regular function. Given 
F £ R{n), the set of points yielding zeros of F is denoted V(F), i.e., 

V{F) = {PeA^ : F{P) = 0}. (5) 

A closed subset of A^ which is of the form V{F), with F € R{N) not a scalar, is 
called the hypersurface defined by F or the hypersurface whose equation is _F = 
0. If F G R{N) is of degree r > 1, then V{F) is called a hypersurface of degree 
r in A^ . It is called a hyperplane, a quadric, a cubic, . . . for r = 1, 2, 3, . . .. The 
union of a finite number of hypersurfaces is again a hypersurface and its degree 
is the sum of their degrees, i.e., 

r 

V{FiF2 • ■ • Frf) = V(f| F,) = V{Fi) U ViF^) U • • • U V(Fi). (6) 

i=l 

A subset I of a commutative ring R is called an ideal of R if it has the following 
properties: (i) For any elements a,P G T, we have a + /? E 2. (ii) For any 
elements a € R and a G T, we have aa € X. If two elements a^^O, 67^0 of i? 
satisfy ah = 0, then we we call a a zero divisor (and so 6). R is called an integral 
domain if it has no zero divisor and an ideal Z of i? is called a prime ideal if RjX 
is an integral domain. The ideal of an algebraic subset V C A^ is the 

largest ideal of polynomial functions on A^ vanishing on V and the coordinate 
ring C[y] of V is naturally isomorphic to quotient ring R{N)/I{V). C\V] is 
reduced and V is said to be equipped with the canonical reduced structure. An 
irreducible algebraic subset V of A^ is called an affine algebraic variety, i.e., 
if its ideal T{V) is a prime ideal of R{N) or equivalently, its coordinate ring 
C\y] = R{N)/I{V) is an integral domain. 

Now, let A^^ and A^^ be affine spaces, li X = (a;i,a;2, . . . ,xmi) and Y — 
(1/1,1/2, • ■ • ,yN2) arc two points defined on A^'^ and A^^ , respectively, then the 
map 

(P-.A^'X A^' ^ AN,+N, 

is a one-to-one and onto mapping. If V and U arc algebraic sets in A^'^ and 
A'^'^, respectively, then (f>{V xU) is a. algebraic set in ^^1+^^^ 



li X = (cci, X2, • ■ • , xn) and Y = (yi, y2, . . . , un) are two different points in 
, then the hne C passing through X and Y is parametrically defined as 



C = {{Sxi + Tyi,Sx2 + Ty2, . . . , Sxn + Ty^) : S,t e C}. (8) 

The complex projective space, CP^^^, is defined as the set of all lines through 
(0, 0, ... , 0) in . Let X and Y be two points. Then X and Y determines the 
same line if, and only if, there exist a (5 S C, (5 7^ 0, such that yi = Sxi, for all 
i = 1,2, . . . , N. That is, the lines X and Y are equivalent, which we denote by 
X ^ Y. Now, if we assume that this is the case, then 

Cpiv-i ^ A"" -{{0,0,...,0)} 

If a point X G CP^^^ is determined by {xi,X2, ■ ■ ■ ,xn) G -4^, then we say 
that {xi, X2, . . . , a;Ar) is a set of homogeneous coordinates for X. If Xi ^ 0, then 
we have 

X = i^,...,^,l,^,...,^). (10) 

Xi Xi Xi Xi 

Let R = R{N) = C[Zo, Zi, . . . , Zn] be the polynomial ring over C in the 
variables Zq, Zi, . . . , Zn. Then, for a form F G i?, we define V{F) = {P g 
CpA^-i . pf^p-^ ^ 0}, called the set of projective zeros of F. Unlike in the affine 
case, we have CP^'~^ x CP^^"^ ^ (jpN,+N2~2_ -p^^. example, in CP^ x CP\ 
the lines Cx = {x} x CP^ and Cy ~ {y} x CP^ are parallel for a; 7^ y in 
CP^ but there are no parallel lines in CP^ since any two distinct lines Li = 
V(aiXi +02X2 +03X3) and L2 = V(&iXi + 62-^^2 + &3-'^3) intersect at the unique 
point (0263 - 0362, as^i - ai&3, aih - a2&i)- 

Now, we want to make CP^^~^ x CP^^""'^ into a projective variety by its 
Segre embeding which we construct as follows: Let X and Y be two points 
defined on CP^^~^ and CP^^~^, respectively. Then the map 

Sn„N2 ■■ CP^i-i x CP^^-i cP^^^^-i 

{X,Y) I — > {xiyi,...,xiyN2,---,XNiyi,---,XNiyN2) 

(11) 

is a closed immersion, called the Segre embedding. To see that, let Xi, and Yj be 
the homogeneous coordinate functions on CP^^~^ and CP^^^^, respectively. 
Moreover, let Zij be the homogeneous coordinate-function on cp^i^2-i_ jnjq-^^^ 
we arrange the homogeneous coordinate Zi_j as follows 



/ Zi^i Zi 2 • • • Zi^N^ \ 

^2,1 ^2,2 • • • ^2,Af2 



(12) 



The map Sni.N2 = (' ■ ' i ^iYj, ■ • •) is a morphism since it is defined by polyno- 
mials on any affine piece Ui x Uj where 

Ni-l N2-I 

CpJVi-1 ^ \J u, and CP^^-^ = |J Uj (13) 



are the standard affine coverings. But the determinant 



dot 



(14) 



vanishes for all i,j and so the image of Sni,N2 is contained in the closed 
subset 



T 



{(••• ,^,,,,...) e CP 



NiN-2-l 



rk 



/ -2^1,1 ^1,2 
■22,1 Z2,2 



Zl,N2 \ 

Z2,N2 



1}, 



\ ZNi,1 ^Ari,2 ■■■ ZN1.N2 I 



Im(5Arj,jV2) 



where rk denotes the matrix rank. If Im denotes the image, then T 
and Sni,N2 is an isomorphism. To see that, let us consider t = {■ ■ ■ , Zij, • • • ) S 
Z. Then all the rows and columns of the rank one matrix {zi,j) are propor- 
tional. For any columns x ^ and any rows y 7^ of this matrix we have 
t = Sni,N2{x, y) and T = Iui{Sni,N2)- Moreover, the map 1 1 — > {x, y) is the in- 
verse to SN1.N2 and so it is an isomorphism. If 1/ C CP^^^^ and W C CP^^^^ 
are projective algebraic sets, then x is projective and is closed in the 
closed subvaricty CP^^"^ x CP^^"^ = Im(5jv,,jvJ C CP^^^="\ The image 
of the Scgre embedding is an intersection of a family of quadric hypcrsurfaces 
in CP^i^=-\ that is 



lm{SNuN2) = n V {Zi^kZjj - ZijZj^k) • 

ij.k,l 



(15) 



I.e., Im(iS2,2) = V(Zi, 1^2,2 ~ ^1,2^2,1) is a quadric surface in CP'^ 



3.1 Segre variety for a general bipartite state and concur- 
rence 

For given quantum system 22(^1,-^2) we want make CP^^^"'^ x CP^^^"'^ into 
a projective variety by its Scgre embedding which we construct as follows. Let 
(ai, a2, ■ ■ ■ ,aNi) and (ai, q;2, . . . , ciArj) be two points defined on CP^^~^ and 
CP^^~^, respectively, then the Segre map 

Sn^,N2 ■■ CP"i-l X CP^^^l QpN^N2-l (^g) 



((ai,a2, . . . ,aNi), (ai,a2, ■ • ■ ,0^2)) ' — * f^^j-j 
(ai,i, ai,2, ■ • ■ , ai.Afi, ■ • ■ , awi,!, ■ • ■ , 0^1,^2) 

is well defined. Next, let a^.j be the homogeneous coordinate function on 
QpNiN2-i ^ Then the image of the Segre embedding is an intersection of a 
family of quadric hypcrsurfaces in CP^^^^""'^, that is 

Im(5jvi.jv2) = n V {C,,,.,kANi, N2)) (18) 



This quadric space is the space of separable states and it coincides with the 
definition of general concurrence C{Q2{Ni, N2)) of a pure bipartite state |13II14| 
because 

1 

(Ni N2 \ ^ 

■^E E \C^,r,kANl,N2)\'' (19) 
j,i=ii,k=i ) 

E E ~ Olid(^3,k\ 

j,i=l Lk=l 

where A/" is a somewhat arbitrary normalization constant. The separable set is 
defined by ai^kCtj^i = otaajk for all i,j and fc,L I.e., 

Im(52,2) = V (ai,iQ;2,2 — "1,2^24) <J=^ cnaa2,2 = ai,2a2,i (20) 

is a quadric surface in CP'^ which coincides with the space of separable set of 
pairs of qubits. 

4 Multi-projective variety and multi-partite en- 
tanglement measure 

In this section, we will generalize the Scgre variety to a multi-projective space. 
As in the previous section, wc can make CP^^~^ x CP^^^^ x • ■ • x CP^""^ into 
a projective variety by its Segre embedding following almost the same procedure. 
Let (ai, a2, . . . , ctAfJ be points defined on CP^*^^. Then the Segre map 

Sn, iv,„ : CP^i-i X CP^^-i X • • • X CP~'"-i cpN,N2-N„^~i 

((«!, ^2, • ■ • , CtNi), ■ • ■ , (ai, ^2, ■ • ■ , OIN^)) I > (■ • ■ , aii,i2,...,ir,.7 • ■ •)■ 

(21) 

is well defined for ai^i^...i^^,\ < «i < A^i, 1 < 12 < ^2, ■ • ■ , 1 < *m < as a 
homogeneous coordinate-function on CP^^^^ Now, let us consider the 

composite quantum system Qf„(-/Vi, -/V2, . . . , Nm) and let the coefficients of j^E'), 
namely ai-^^ir^^,,,^i^, make an array as follows 

A = {c(ii,i2,...,im)l<ij<Nj ' (^^) 

for all j = 1, 2, . . . , m. A can be realized as the following set {(ii, 12, ... , im) ■ 
1 < *j < j}^ i'^ which each point (ii, Z2, • ■ • , im) is assigned the value 

C(ii,i2,...,im- Then A and it's realization is called an m-dimensional box-shape 
matrix of size Ni x N2 x ■ ■ ■ x N^, where we associate to each such matrix a sub- 
ring = C[^] C S, where S is a commutative ring over the complex number 
field. For each = 1, 2, . . . , m, a two-by-two minor about the j-th coordinate of 
A is given by 

CA:i,ii;A:2,i2;...;fcm,i™ — afci,fc2,...,fc„aii,i2,---,im (23) 

,/e2 ,. . . j/cj — i , . ...kjji ,l2 T ■ - .Ij — I ,kj ^. . . ^ • 

Then the ideal of is generated by Cki.ii-k2.i2;----km-im and describes the 
separable states in CP^^^^ '^'""^ The image of the Segre embedding 




Ini(iSjVi,JV2,....Afm) which again is an intersection of famihes of quadric hypersur- 
faces in cP^i^^-^"-^ is given by 

lm{SN„N2....,Nj = fl^^' (24) 

Moreover, following the same argumentation as in bipartite case, we can define 
an entanglement measure for a pure multipartite state as 



f(Q^(iVi,...,iV„0) = \MY^\Ck,MMM,.,k^,iJj (25) 

= (A/"y^ \<^kiM.---.k^'^h,l2.---,l^ 

\2\ — 

0^ki,k2,...,kj-i,lj ,kj^i,...,kjTi ^li ,l2,...,lj — i,kj,lj^i,...,ljn \ ) ^ : 

where Af is an arbitrary normalization constant and j ~ l,2,...,m. This 
measure coincide with the concurrence for a general bipartite and three-partite 
state. However, for reasons that will be explained below, it fails to quantify 
the entanglement for m > 4, whereas it still provides the condition of full 
separability. 



5 Example: Three-partite state 

As an example, let us look a general three-partite state. The generalized con- 
currence 23 for such a state is given by 

£{QUNi,N2,N,)) = ( A/" E T.\^k,M;k2M-M,hn (26) 

y ki,li;k2,l2;k3,l3 Vj j 

= (A/ ^ ^OLk^MM'^l^h-h - '^kxMH^l^hMf 
k\,l\;k2,l2\kz.h 

+ \<^k^,k2M'^lih-h ~ '^k^HM'^liM^hf) 

+ |afei,fe2,fe3aii,Z2,i3 - OLii,k2M^k^MM\ )^- 



This equation for an entanglement measure is equivalent but not equal to our 
entanglement tensor based on joint POVMs on phase space [21]. For a three- 



qubit state 23(2,2,2), we have 

£:(Qg(2,2,2)) = (W{2|ai,i,ia2,2,i-«i,2,ia2,i,il' (27) 

+ 2|ai,l,2Q:2,2,2 — Ckl,2,2a2,l,2p 

+2|ai,i,ia2,i,2 - ai,i,2"2,i,iP 

+ 2|ai,2,l"2,2,2 - Q!l,2,2a2,2,lP 

+2|ai,i,iai,2,2 - ai,i,2ai,2,i|^ 

+2|Q!2,1,1'^2,2,2 - a2,l,2a2,2,lP 

+ |ai,i,iQ!2,2,2 - ai,i,2a2,2,iP 

+ |ai,l,lQ!2,2,2 - ai^2,i"2,i,2p 

+ |Q;i,i,ia2,2,2 - ai,2,2a2,i,iP 
+ |ai, 1,202,2,1 - ai,2,ia2,i,2p 
+ |q;i, 1,2^2,2,1 - ai,2,2a2,i,iP 
+ |ai,2,ia2,i,2 - ai,2,2a2,i,iP})^- 

We can derive this expression in a different way than it was originally derived us- 
ing the idea of the Segre ideal. The ideal ^Q^i^Q.,Q^ representing if a subsystem 
Qi that is uncntanglcd with Q2Q3 is generated by the six 2-by-2 subdetermi- 
nants of 

ai,l,l «1,1,2 «1,2,1 "1,2,2 
"2,1,1 "2,1,2 "2,2,1 "2,2,2 



(28) 



and is given by 
^2,2,2 

'Q1NS2Q3 



^af|'=Q,Q„ = ("1,1,1"2,1,2 - "1,1,2"2,1,1, "1,1,1"2,2,1 " "l,2,l"2,l,l 
, "l,l,l"2,2,2 — "l,2,2"2,l,l, "l,l,2"2,2,l " "l,2,l"2,l,2 
, "l,l,2"2,2,2 — "l,2,2"2,l,2, "l,2,l"2,2,2 " "l,2,2"2,2,l ) , 



where we have used the notation ^ to indicate that Qi is separated from Q2 Q3 
but we still could have entanglement between Q2 and Q3. The notation {2, 2, 2} 
is used to indicate a three-partite state where the dimension of the Hilbert space 
of each subsystem is 2 (i.e., three qubits). In the same way, we can define the 
ideal ^^gf^g^Qg representing if the subsystem Q2 is uncntanglcd with Q1Q3 
and Iq3\=QiQ2 representing if the subsystem Q3 is uncntanglcd with Q2Q3- 
The ideals are generated by the six 2-by-2 subdetcrminants of 

"1,1,1 "1,1,2 "2,1,1 "2,1,2 \ ( "1,1,1 "1,2,1 "2,1,1 "2,2,1 



"1,2,1 "1,2,2 "2,2,1 "2,2,2 / \ "1,1,2 "1,2,2 "2,1,2 "2,2,2 

respectively. Written out explicitly they are 
^2,2,2 

'S2NS1Q3 



(29) 



^Ootg, O, ^ ("1,1,1"1,2,2 - "1,1,2"1,2,1, "1,1,1"2,2,1 " "2,l,l"l,2,l 



, "l,l,l"2,2,2 — "2,l,2"l,2,l, "l,l,2"2,2,l " "2,l,l"l,2,2 
1 "l,l,2"2,2,2 — "l,2,2"2,l,2, "2,l,l"2,2,2 " "2, 1,2"2,2,1 ) , 



and 



^^gff^QiQa = ("1,1,1"1.2,2 - "1,2,1"1,1,2, "1,1,1"2,1.2 ^ "2,l,l"l,l,2 



, "l,l,l"2,2,2 — "2,2,l"l,l,2, "l,2,l"2,1.2 ~ "2,l,l"l,2,2 
, "l,2,l"2,2,2 — "2,2,l"l,2,2, "2,l,l"2,2,2 " "2,2,l"2, 1,2 ) • 



Hence, the Segre ideal of a completely separable pure three-qubit state is given 

by 

-'-Segre = ^{ Qi |=S2 Q3 , Q2 |=Sl S3 , Q3 |=Ql Q2 } ^'^^ ' 

~ ^ClhS2Q3l PS2|=SlQ3l KQ2|=SiS2 

= (ai,i,i<^2,i:2 - ai,i,2a2,i,i, ai,i,i"2,2,i - ai,2,ia2,i,i 
, cn,i,ia2,2,2 — ai,2,2Q;2,i,i, ai,i,2a2,2,i — cn, 2, 102,1, 2 
, q;i^i_2Q;2,2,2 — 0^1,2, 20:2, 1,2, 0^1,2, 1^2, 2, 2 — 01,2,202,2,1 
,01,1,101,2,2 - 01,1,201,2,1, oi,i,ia2, 2, 2 - 01,2,102,1,2 
, 01,1,202,2,1 — 01,2,202,1,1, , 02,1,102,2,2 — 02,1,202,2,1 

, Oi,i,iQ;2,2,2 - 01,1,202,2,1,01,2,102,1,2 " Oi,2,202,l,l ) • 

This equation coincide with Eqn. H24(l for a three-qubit state. For a general 
multipartite state, that is, for m > 4 this measure E{QFm{Nx, . . . ,Nm)) is not 
invariant under local operations. To show why this measure is not invariant 
under local operations, let us consider the quantum system Q^{2,2,2,2). In 
this case we can have seven types of separability between different subsystems 
as follows: It may be possible to factor Qi, Q2, Q3, or Q4 from the composite 
system. To check this we need to make four different permutation of indices and 
it is exactly what the measure £^(24(2, 2, 2, 2)) does. But there is other types of 
separability in this four-qubit state, namely if it is possible to factor out Q1Q2, 
Q1Q3, Q1Q4, Q2Q3, Q2Q4, or Q3Q4. These six possible factorizations can be 
reduced to three checks of separability since if we test for separability of, i.e., 
Q1Q2, we have simultaneously tested Q3Q4. For these types of separability we 
do need to perform more than one simultaneous permutation of indices. The 
measure (P5|l does not check this type of separability which is needed in general 
case pS] . 



6 Conclusion 

In this paper, we have discussed a geometric picture of the separable set of 
states for a general pure bipartite state, based on algebraic complex projective 
geometry. In particular, wc have proved that complete separability for a general 
pure bipartite state can be seen as a Segre variety. Moreover, we have generalized 
this result to multi-partite states, by defining a map called multi-projective 
Segre embedding. The image of this map defines a quadric space, namely the 
generalized Segre variety which we constructed by a prime ideal of two-by- 
two subdeterminants of a so-called decomposable tensor. We showed that the 
Segre variety define the completely separable states of a general multipartite 
state. Furthermore, based on this subdetcrminant, we define an entanglement 
measure for general pure bipartite and three-partite states which coincide with 
generalized concurrence. 
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